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Introduction

This document is posted at http://math.usf.edu/∼saito/DNAweb. This is an overview of a series of work [2, 3, 4] on template models of DNA recombination and their combinatorial studies from point of views of graphs and knot theory. The purpose of this document is to provide a background material for research projects and their results presented in this web site
http://math.usf.edu/∼saito/DNAweb.
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Assembly graphs

Definitions of assembly graphs and related concepts are listed below from [4] for the rest of this
subsection.
• An assembly graph is a finite connected graph, where all vertices are rigid vertices of valency
1 or 4. A vertex of valency 1 is called an end point.
Note that the definition of assembly graph implies that the number of end points is always
even.
In Fig. 1 examples of assembly graphs are depicted. Note that the graphs in (B) and (C)
do not have any end points, and the broken under-arc depicts the crossing information as in
standard knot diagrams as already mentioned.
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Figure 1: Examples of assembly graphs. Simple assembly graphs (A) and (B), and a non-simple
assembly graph (C).
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• A rigid vertex v of valency 4 is a pair (v, (e1 , e2 , e3 , e4 )cyc ) the equivalence class of
(e1 , e2 , e3 , e4 )cyc of a cyclic order (e1 , e2 , e3 , e4 ). Specifically, the equivalence relation ∼ of
cyclic order for quadruplets ((e1 , e2 , e3 , e4 )) is generated by (e1 , e2 , e3 , e4 ) ∼ (e2 , e3 , e4 , e1 ) and
(e1 , e2 , e3 , e4 ) ∼ (e4 , e3 , e2 , e1 ).
Topologically, a 4-valent rigid vertex is regarded as a fat vertex (disk) with four edges attached
in order.
• The number of 4-valent vertices in Γ is denoted with |Γ|. The assembly graph is called trivial
if |Γ| = 0.
Topologically, a trivial assembly graph is regarded as a set of linear segments, with end points
identified with 1-valent vertices, and segments as edges.
• Two assembly graphs are equivalent if there is an isomorphism of graphs between them that
preserves the cyclic order of edges at each rigid vertex.
• Denote by E(v) the set of edges incident to a vertex v.
• For each rigid vertex (v, (e1 , e2 , e3 , e4 )cyc ) of an assembly graph, the edges e2 and e4 are called
neighbors of e1 .
Neighbors are adjacent edges, and forms “90 degree”. An edge and its non-neighbor form a
“straight” line through the vertex.
• A transverse path in an assembly graph Γ is a sequence γ = (v0 , e1 , v1 , e2 , . . . , en , vn ) if v0 , vn
are endpoints, or (v0 , e1 , v1 , e2 , . . . , en ), if v0 is a 4-valent vertex and en ∈ E(v0 ), satisfying
the following conditions:
(1) {v0 , . . . , vn } is a sequence of a subset of vertices of Γ, with possible repetition of the same
vertex at most twice,
(2) {e1 , . . . , en } is a set of distinct edges, and
(3) each ei is not a neighbor of ei−1 with respect to the rigid vertex vi−1 , i = 2, . . . , n, and
in the case where v0 is a 4-valent vertex, e1 is not a neighbor of en with respect to the rigid
vertex v0 .
A transverse path can be considered as an image of a map from the unit interval [0, 1] to Γ,
where the image of the boundary points ({0} ∪ {1}) consists of either two end points of Γ, or
a single 4-valent vertex.
A transverse path for each example is given by
(A) (v0 , e1 , v1 , e2 , v2 , e3 , v2 , e4 , v1 , e5 , v3 ),
(B)

(v0 , e1 , v1 , e2 , v0 , e3 , v1 , e4 ),

(C)

(v0 , e2 , v1 , e4 ).

In the case of (C), there is another transverse path (v0 , e3 , v1 , e1 ), which is not equivalent to
(v0 , e2 , v1 , e4 ).
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• Each transverse path is also called a transverse component when it is regarded as a topological
object (the image of an immersed interval or circle on a graph).
• Let γ = (v0 , e1 , v1 , e2 , . . . , en , vn ) or (v0 , e1 , v1 , e2 , . . . , en ) be a transverse path, with or without
end points, respectively. The reverse γ R of γ is the transverse path (vn , en , . . . , e1 , v0 ) or
(en , . . . , e1 , v0 ), respectively.
• Two transverse paths with end points are equivalent if they are either identical, or, one is
the reverse of the other. Two transverse paths γ, γ ′ without end points are equivalent if they
have the same cyclic order: γ cyc = γ ′cyc .
• An assembly graph Γ is called simple if there is a transverse Eulerian path in Γ, meaning,
there is a transverse path γ that contains every edge from Γ exactly once.
• Given a simple assembly graph Γ with two endpoints, choose one of them to be initial (i) and
the other to be terminal (t). We call such Γ a directed simple assembly graph with direction
from i to t.
We consider the transverse path of a directed simple assembly graph as a path starting at
the vertex i and terminating at the vertex t.
• A composition Γ1 ◦ Γ2 of two (directed simple) assembly graphs Γ1 and Γ2 with end points
is the directed simple assembly graph with end points, obtained by identifying the terminal
vertex of Γ1 with the initial vertex of Γ2 .
Note that initial vertex of Γ1 ◦ Γ2 is the initial vertex of Γ1 and terminal vertex of Γ1 ◦ Γ2 is
the terminal vertex of Γ2 . In general, Γ1 ◦ Γ2 is not isomorphic to Γ2 ◦ Γ1 .
• A polygonal path is a path (vi1 , ei2 , . . . , vik ) such that for any j = 1, . . . , k − 1, eij and eij+1
are neighbors.
• A Hamiltonian path is a path that visits every vertex exactly once.

n−smoothing

p−smoothing

Figure 2: Smoothings of a vertex
• A smoothing of a rigid vertex is a replacement of the vertex by two parallel strings without
crossings as depicted in Fig. 2. If an assembly graph is directed, then one is compatible with
the orientation (Fig. 2 left), called the p-smoothing, and the other is not compatible (Fig. 2
right), called the n-smoothing.
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Assembly words

In this section we review definitions of words related to assembly graphs, see [4] for more details.
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• Let A be an alphabet set. A double occurrence word (DOW) over A is a word which contains
each symbol of A exactly 0 or 2 times.
Words w1 over A1 and w2 over A2 are equivalent if there is a bijection between A1 and A2
under which w1 agrees with w2 .
• If w = a1 . . . ak is a word over A, its reverse wR is defined by ak . . . a1 .
Two words w1 , w2 are reverse equivalent if w1 is equivalent to w2 or w2R .
• An assembly word is a double occurrence words with reverse equivalence.
• Let Γ be a simple directed assembly graph with two end points, the initial vertex i and the
terminal vertex t, and let γ be the transverse path from i to t. Identify the set of 4-valent
vertices V = {v1 , . . . , vn }, where n = |Γ|, with an alphabet set. Starting from i, read off the
vertices along γ that are encountered in order, to obtain a word in V called an assembly word
of Γ.
An assembly word is a double occurrence word over V such that each symbol of V appears
exactly twice.
• Conversely, for an assembly word w over A such that each symbol of A appears exactly twice
in w, there is an assembly graph Γ with the specified assembly word.
The equivalence classes of assembly words and those of assembly graphs are in one-to-one
correspondence. The assembly graph corresponding to an assembly word w is denoted by Γw .
• Let [n] = {1, . . . , n}. A DOW w = a1 · · · a2n over [n] written in such a way that the first
appearance of a symbol must be one greater than the largest of all preceding symbols, is an
assembly word in ascending order.
• Let γ R be the reverse of γ. Let w and wR be assembly words over V that are obtained from
γ and γ R . Then w and wR are defined to be equivalent. We say that two assembly words are
equivalent if it is the same as itself or its reverse.
• A circular word over an alphabet A is an equivalence class of words over A, where two words
are equivalent if they are related by a reverse and/or a cyclic permutation. We sometimes
denote the circular word by [w] for a word w, but often abbreviate the notation and say “a
circular word w” if no confusion arises.
A regular (non-circular) word a linear word when we need to specify.
• A (multi-component) assembly word over an alphabet A is a set W = {w0 , [w1 ], [w2 ], . . . , [wn ]},
]
for a positive integer n consisting of one linear word w0 and n circular words [w1 ], [w2 ], . . . , [wn
over A, such that each letter of A appears exactly twice (or 0 times) in W . We say that two
(multi-component) assembly words are equal if they are equal as sets. Each word in W is a
component of W , and n + 1 is the number of components of W .
Next we define various properties of assembly words.
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• If a double occurrence word w can be written as a product w = uv of two non-empty double
occurrence words u, v, then w is called reducible, otherwise it is called irreducible. Similarly,
if Γ = Γ1 ◦ Γ2 for some non-trivial directed assembly graphs Γ1 and Γ2 , then Γ is called
reducible. Otherwise it is called irreducible.
• Reducibility of simple, directed assembly graphs and words are generalized as follows. An
assembly graph Γ is reducible if there are two assembly graphs Γi , i = 1, 2, with at least one
4-valent vertices, such that Γ = Γ1 ∪ Γ2 when the graphs are regarded as topological spaces
(1-dimensional complexes), and Γ1 ∩ Γ2 = {v0 }, a single point. In the last expression of the
intersection, Γ1 and Γ2 are regarded as subsets of Γ, and v0 ∈ Γ is a point on an edge of Γ,
as well aa an end point of Γ1 and Γ2 .
If Γ is not reducible, it is called irreducible. A (multiple-component) assembly word is reducible
and irreducible, respectively, if the corresponding assembly graph has the corresponding property.
• An assembly word is a palindrome if it is equal to its reverse written in ascending order. The
graph Γw is said to be palindromic if w is a palindrome.
• An assembly word is strongly-irreducible if it does not contain a proper subword that is an
assembly word. An assembly graph that corresponds to a strongly-irreducible word is said to
be strongly-irreducible.

4

MIC sequences
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Assembly numbers and polynomials

In [4], the assembly number is defined and studied for assembly graphs. This subsection is a
summary of definitions and results from [4].
Definitions.
• Let Γ be an assembly graph. An open path in Γ is a homeomorphic image of the open interval
(0, 1) in Γ.
An open path is also represented by a sequence:
(e1 \ v0 ), v1 , e2 , v2 , e3 , . . . , vm−1 , em , vm , (em+1 \ vm+1 ),
where vi ’s are vertices in Γ for i ∈ {1, 2, . . . , m} such that vi 6= vj when i 6= j, ei ’s are edges
in Γ for i ∈ {1, 2, . . . , m} with end points vi−1 and vi respectively, such that the initial vertex
of e1 (and possibly part of e1 ) and the terminal vertex of em+1 (and possibly part of em+1 )
are not included. We say that the open path is a cycle if e1 = em+1
• Two open paths are disjoint if they do not have a vertex in common.
• A set of pairwise disjoint open paths in Γ {γ1 , . . . , γk } is called Hamiltonian if their union
contains all 4-valent vertices of Γ. An open path γ is called Hamiltonian if the set {γ} is
Hamiltonian.
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• A polygonal path is an open path γ: (e1 \ v0 ), v1 , e2 , . . . , vm−1 , em , vm , (em+1 \ vm+1 ), such
that ei and ei+1 are neighbors for every i ∈ {1, 2, . . . , m}.
(Intuitively, the polygonal paths indicate the way a DNA rearrangement can occur, and
indicate the types of smoothings that correspond to these rearrangements.)
• Let Γ be an assembly graph. The assembly number of Γ, denoted by An(Γ), is defined by
An(Γ) = min{ k | there exists a Hamiltonian set of polygonal paths {γ1 , . . . , γk } in Γ}.
• Motivated by realizable words discussed in [47], a simple assembly graph Γ is called realizable
if An(Γ) = 1, otherwise it is called unrealizable.
• For a positive integer n, we define minimal realization number for n to be Rmin (n) = min{|Γ| :
An(Γ) = n}, where |Γ| is the number of 4-valent vertices in Γ. A graph Γ such that Rmin (n) =
|Γ| is called a realization of Rmin (n).
• Each smoothing s of all vertices in an assembly graph Γ gives rise to a set of circles (components) obtained from Γ by performing s. Let µ(s) denote the number of resulting components
(representing the number of molecules after the recombination). The assembly polynomial of
P
a given assembly graph Γ is the polynomial SΓ (p, t) = s pps(s) tµ(s)−1 where ps(s) denotes
the number of p-smoothings in s.
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Figure 3: Polygonal Hamiltonian paths
The assembly graph depicted in Fig. 1 (A) has a Hamiltonian path represented by (e1 \
v0 ), v1 , e2 , v2 , (e3 \ v2 ) that is not polygonal. In Fig. 3, polygonal Hamiltonian paths are depicted
by thick dotted curves. Note that for the graph Γ depicted in (B), there is no single component
polygonal Hamiltonian path, and therefore An(Γ) = 2, and Γ is unrealizable.
Properties.
• For each pair of directed simple assembly graphs Γ1 and Γ2 , one of the following equalities
hold: An(Γ1 ◦ Γ2 ) = An(Γ1 ) + An(Γ2 ), or An(Γ1 ◦ Γ2 ) = An(Γ1 ) + An(Γ2 ) − 1.
• For any positive integer n, there exists
(i) a reducible assembly graph Γ such that An(Γ) = n,
(ii) an irreducible assembly graph Γ such that An(Γ) = n, and
(iii) an assembly graph Γ with no endpoints such that An(Γ) = n.
• The following properties hold for Rmin .
(i) For every positive integer n, Rmin (n) < Rmin (n + 1).
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(ii) If Rmin (n) = k for some n and k, then for every s ≥ k there is an assembly graph Γ with
s 4-valent vertices such that An(Γ) = k.
(iii) Rmin (n) ≤ 3(n − 1) + 1 for every positive integer n.
Through case by case inspection, we find that An(Γ) = 1 for all assembly graphs Γ with |Γ| ≤ 3,
and the graph Γ in Fig. 3 (B) has An(Γ) = 2 and |Γ| = 4, so we have Rmin (1) = 1 and Rmin (2) = 4.
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